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A condition is formulated which is the generalization of the fracture variational
principle in piezoelectric media, In some cases such a representation of the frac-
ture condition, which permits the determination of crack development in a piezo-
electric material, turns out to be preferable to the analogous condition obtained
in 1],

The problem of a disc-shaped crack developing on the boundary between a
piezoelectric ceramic and an elastic isotropic conductor is considered as an
illustration,

1, Variational principle of the fracture mechanics of piezo-
electric media, The stress components 0;; (i, j = 1, 2, 3) and the components
of the electric induction vector of a piezoelectric medium satisfy the equilibrium equa-
tions and the Maxwell equation in the statistical case

03. .
Y0, ‘ﬂ_~0 (1.1)

In Cartesian coordinates referred to the crystal-physics axes, for a piezoelectric medium
2
=] G5 = cﬁ'h‘l By — €ijp By 1.2)
D; = ey + ey Ey (i, kL =1,2,3)
Here ciEjm are the elastic moduli of the medium, e;;, are the piezoelectric moduli,
&;x are the adiabatic dielectric constants, E) are the electric field strength compon-
ents, and &, are the strain tensor components,

To derive the condition governing crack development in a piezoelectric material, let
us examine a number of possible body states just as in [3, 4], Suppose there is no crack
in the body in State 1, and external loads and an electrical potential ¢ (£, = d¢/0xy)
is specified on the body surface S, The stresses 0,y the displacement vector u;,, the



Fracture mechanics of piezoelectric materials 329

potential @y and the vector of electrical induction D;; correspond to this state, We
examine a body in State 2 with the same external loads and potential on the surface S
as in State 1, but with a crack X, on whose edges a load and potential are specified,
The stresses Oij2, displacements u,,, potential @, and induction Dj, correspond to this
state, Finally, we examine a body in State 3 with a crack varying in length and shape
with the loads and electric field of State 2,

The change in energy during the passage from one State to another is [5]

0E = — 84 + 6W (1.3)

Here 84 is the work of the external forces and electric field and 6W is the change in
internal energy of the body,
From the energy conservation law there follows for the passage from State 2 into

S 3: '
tate 8Us=8Eys U= \1ds (1.4)
pH

Here U is the energy influx associated with the surface energy, and y is the intensity
of the surface fracture energy,
Using the relationship
Oijebinn + EpDj = 0ij855 + E;Dyy
which is verified by substitution of (1, 2) and by (1. 1), it is easy to show that the change
in internal energy during passage from State 1 to State 2 is determined by the equation

Wi =5 \ U —Undr= \ i + o) (o — v msdS + (1.5)
1? s5ts

\ @+ @) (Dn — Dyynids
s¥s

U= 1/255}:8“‘ + 1/2DjEj

Here U is the density of the internal energy, The work of the surface forces and the
field during passage from State 1 to State 2 can be written as

81 = § 5 (e — uid) S + @1 (Djo — Dy nsdS + (1.6)
S ]

S (Sij2 + Gijn) (i — u4y) NidS + S((Pz + @1) (Dj2 — Djy) nidS
% &

Using (1. 3), (1, 5), (1, 6), we obtain the change in energy for passage from State 1 into

State 2 1 7¢
8By = — - [ 5 (Sij2 + Gij1) (Wie — ui) n;dS 4- 1.7
Py
\ (@2 -+ @1) (Dsz — Diy)nidS |
b
The change in energy for the passage from State 1 1o State 3 can be obtained in an an-
1 ¥
alogous manner SE g = — T{ S {5352 + Gij) [etie — 141 -+ (1. 8)

ISR

o} (uir_, —_ u“)] n‘rjd' S ((P2 + (Pl 12 - Djl + 6 (ng — Djl)] n,-dS}
+
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Taking account of the equality

OFEy 5 == 8Ky 5 — .
the fundamental variational relationships governing the crack development condition
in a piezoelectric medium

1
b LS {T + 5 [(Sise + 9ij1) (i2 — ) + (@2 -+ @1) (Djy — Djy)] nj}dSzo (1. 9)

follows from (1,4),(1,7), (1, 8), If there are no external load and field in State 1, then
the condition (1, 9) becomes

8\ (v— 4 P — 4 ¢D,) dS =0 (1.10)
bY

Pi 77— Oy, Wy 75 Uge, @ == @y, D, = — ngnj

Here the positive direction of the normal to the boundary X which is external to the
medium is taken into account,

2, Axisymmetric crack on the boundary with a conductor,
Formulation of the problem, Let us consider an unbounded half-space(z > ()
of piezoelectric texture which has the symmetry co-m. The texture is a polycrystalline
aggregate consisting of monocrystals whose polarization vector is oriented by the exter-
nal field, After removal of the field, the polarization vector retains its direction (pola-
rized ceramic),

The disc-shaped crack is located perpendicularly to the polarization direction,which
is an axis of symmetry of infinite order for a piezoelectric ceramic on the interface
(z = 0) of the piezoelectric medium (z >> 0) and of the elastic isotropic conductor
(z < U). Let usrefer the space to a cylindrical 7, 0, z coordinate system so that the
z -axis coincides with the axis of symmetry,

The edges of the crack of radius ¢ are loaded by internal pressure 0, = 0, ()
which is symmetrical relative to the z -axis, Taking account of the symmetry of the
load and the properties of the piezoelectric texture under consideration, the equations
of the electrical elasticity problem in the r, 8, z coordinate system are [2, 6](z > 0) :

ash,  ds),  sh—an 0 dst, as), ol (2.1)
or + 0z + r - 8r + T

,+ D, +an 0

Here o0,,%,0,.%, 0"+ are the stress tensor components of the piezoelectric medium,
and D,, D, are components of the electrical induction vector,

Let us select the strain and electric field components as independent variables, and by
using the matrix form of writing, let us represent (1, 2) as

0; = CijEﬁj —_— eikEk
(2.2)
,,, s .. X
Dh‘ iRty + Egr Eh (Ly]t':1a2v--~» 6; k» 1217213)
i + — - —
0y == Gpr'y Oy = 000+s Oy 0'zz+a 05 = Urz+7 0, = 0g = 0
dn .t 1, + O g+
g = ——, o =, £y = —= gq — 8¢ =0

or r oz
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O o+ du,*
&= 5 T3+ Di=Dp D=0

Ds::DZ, El = ET’ E2:O, E3:EZ

Here u,*, u." are the displacement vector components in the case of axisymmetric
strain of the piezoelectric medium, The form of the matrices of the elastic constants
c;i® (i,j = 1,2,...,6), the piezoelectric moduli e (i=14,2,...,6; k=1,
2, 3) and the dielectric constants &,,° (k, [ = 1, 2, 3) is presented in [6] for the
piezoelectric texture oco-m (see also [1]),

Let us introduce the electric potential ¢

o9 _ 99

Er - “d_r‘ ’ Ez — 9z
On the basis of (2, 2) we obtain relationships connecting the stress and the electric induc-
tion vector components to the strain and potential for axisymmetric strain of the medium

L Qut ut O+ o
+ — pE 2T E 27 EZz2 _ | -
S = o €127 i 9z 13, (2.3)
8u u o Quyt 0
G+ j— CF oor __|_ r 7 L z 631‘—(2
09 12 11 r 13 0z 0z

Qupt | ugt E 8/1Z 99
or ) + — €33 9z

Q
8t
Il
Ay
[

o]

Ou,t | Ougt o
Dr_elf'( 3 T or )+ nar

du,t ou o
D.= 6‘31(—;‘+ )+€33 =t T

Substituting (2, 3) into (2, 1), we obtain the fundamental equations to investigate the

axisymmetric strain of a piezoelectric medium (2.4)
0%u .+ 1 Ou,+ u,t Pu 0%u,*
EfZ"r —_—r _r cE -t cEy L. — ——
( ar? + r or re ) +c 41 Jre + (c 44 or 0z (t’n + 815) 0r dz =0
0%u,+ 1 du,t Ea gt ~ d rou T i’i) .
“( drzg + T or ) C33 d CR (CB r 44) 0z \ dgr T
82cp 1 o9 o'
€15 (6r2 Toorl] 333 2

%u,t 1 6uz+ Ouyt et
€15 (

diyt
e €33 52 +(€15+~n)az( . TT) +
1 6(p 0%
<arz ++ ) + &g = U

r or
For an isotropic conducting medium (z < 0) we have

o, = O+ 20) 2 o (BE 15 (2.5)

r

oy~ | Ouy~

5602(}‘4“2”)2‘:;‘*‘7‘(& + 5 )
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o7, = (- 2 B (B )
O,

A a$i~)

Here 0., , O,; , 0,, , Ggg are the stress tensor components in an isotropic conductor
which satisfy (2,1), u,”, u,” are the displacement vector components in the case of
axisymmetric strain of an isotropic medium, and A, | are Lamé coefficients,

The following conditions

0-22:-*‘ (ra 0) =0, (7', 0), 0‘rz+ (T‘, O) == 0, (ra 0)1 P = 0; 0r<o>o (2,6)
ot (r, 0) = — 0, (1), 0.%(r, 0) = 05 0 r<a 2,7
u,  (r,0) =u,"(r,0), w,'(r,0) =u"(0); r>a (2. 8)

must be satisfied in an investigation of the axisymmetric strain of a disc-shaped crack
on the flat interface z — () between two media,

Moreover - = T 3
4 uT:uz*‘:u :uz:(P::O, R:Vr4+zz_)oo

3, System of dual integral equations, The solution of the system (2,4)
will be sought by using the Hankel integral transform
u(ryz) = S Uz, ©)J1@EndE, uw,*(r, z2)= S Viz,8)Jy (Er)dE (3.1)
0 0
o(r,2) =@z, 8 J, (&) dz
0
Substituting (3, 1) into (2, 4), we obtain a system of ordinary differential equations to
determine the functions U, V, ®. Let us write particular solutions of this system for
z > (O which satisfy the conditions at infinity as

U = aekez, V = 63—KEZ, b = ‘Ve—h'iz

Here % are roots with positive real part for the characteristic equation

det | a;; || =0 (3.2)
ay = €K — e, ayy = —ay = (6 ) k

Q3 = Ay — — (631 -+ 615) k’ Agg == C33Ek2 — C44E

Aoy = — @3y = — e33k% [ €15, Gy = £33°KF — &)’

An analysis of (3,2) shows that this equation has two real roots —J- *, and four complex
conjugate roots -8+ iw(k;, 8, ©®>0) for known piezoceramics, The constants
a(k), B(k), 7 (k) which are the solution of the homogeneous system with the matrix
(3.2) are determined from the formulas

O == Arallyy — Gyglan, B = — G1i0a3 — G1alyz, T = Quidge + 012

Therefore, the functions U/, V, (D can be represented as
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U % Olgy - Tolgy (3.3)
g = B1 |41 B) e ™% - Re!| Byy + iBm][B1 (&) +iCy (B)] e—az(a+iw)J
T

Ta1 - Y2
oy = a(ky), B = Bk, Ti=1x (k1) ooy + ot = a(d + im)
Bar + iBse = B(8 + iw), 74y + Y92 = 1(0 4 tw)

Taking account of (3,1) and (3, 3), we obtain the following expressions for the displace-
ment and potential components ;

o

u,t (r, z) = S (o143 (B) €792 + (ol By (§) — 22Cy () €755 cos 0Bz + (8.4)
0

(01981 (B) + 091Cy (B)) %% sin wEz] Jy (&r) dE

ust (1 2) = § [B1Ay (B) % - (B1By (§) — B (B) €795 cos oz +-

(B22B1 (8) 4 BasCy (£)) e7%% sin w&z] Jo (Br) dE

P(r,z) = S [714;1 E) 8% - (72181 (B) — 722C1 (8)) e7°% cos iz +

V]

(Y22B1 () + Y€1 (§)) e¥27 sin wEz] J (82) d&
On the basis of (2, 3), (3, 1) and (3, 4), we find

wt (r, 0) =\ [0y 4y (B) + o1 By (§) — caaCy (B)] T (Br) (3.5)

0

.t (r, 0) =\ [B1A41 (®) + BauB1 () — BaaCy (B o (Br) dE

o«

@ (r 0) = § 1714, (® + Ya1B1 (B) — YauCa (B)] Jo (Er) dE

51,y 0) = § [ 4, 0) + 50 By ) — M (8]
B, (br) dE
5, (r, 0) = § (midy (&) + muBy (8) — myCy (B &, (8) dE

where we have introduced the notation
my = ey57; — cyq (ko + By)
My = e15¥a1 — Cag® (80t — 0%yy + PByy)
My = €15V5 — €4y (80tay + 0%y + Boy)

We represent the solution of the equilibrium equations (2,1) for z < 0 as
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;s z) = \ [ Ay (E) + By (B) 281 2, (&r) dE (3.6)

°€/38 O{/\g

- ?“ i 3 = i ] -
us (o) = = @ + B (G — 28) | e ) dE
Using (3, 8), we can obtain on the basis of (2. 5)

u,” (r, 0) ::SAg(g)Jl(*ér)dE (3.7

w0 =\ [~ 4@ + B.@ ] o @) e

oz, (r, V) = lp{ A (&) + BQ(E)H “*‘] &J, (Er) d

gcc_/“g c./g

5, 0)= 5 20 [4:®) — Ba(®) 52 |81 6

Satisfying conditions (2, 6) on the interface z == (), of the two media, we obtain

61 (}" Nii— 2!"‘) -+ 63“‘ (32 (;\, -} 2”) e l‘)_u "

Ag = = A
) 21 (M ) Yoz A 20 (A -+ p) e B,
L6 1. . 8 -+ Oy

By by
2 20722 T e 1
Here
8y = myVa — MgV, Oy = MaYer — My¥y
5 wmy mad — nme 5, - (122D - msw) Toz— (30 — mamd} Ta
Sl Chaly el O BT o

We introduce the functions
w (r) = w,t (1, 0) —u,~(r0), . () =u"(r,0) —u (0

and by sausfymg the conditions (2, 7), (2. 8) we obtain a system of dual integral equations
for the functions 44(E), Bl(i) -~

o, (r, 0) = = dr\[81A1(E)+6281(§)Na(§r)d§—«0 0<r<a (3.8)

ot (r, 0) = =+ Ly gtaq L)+ 8,8, )1 (&) dE == — 5 () (3.9)
’ O r<a
u..(r)« 5 (854, (B) + 8B, (B) Jo ENdE =0, »r>ua (3.10)

0

u, (r) = S[SAl(E) 8B (BN J1(ENdE=0, r>a (3.11)
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Here . 6] 83 (A + 2}]-)
- BITM_ B2271 ) *+n) - 2u (L u)
d 84 (A 2p)
86 = BaiToo — BoaYor — T _?_ DR 2;((;;: t)
. 81 (A + 2p) 0
87 = 1Yo — daat1 — M+ ZhFm
o (A + 2 6
85 = do1Yan — OaaYo1 — 0.+ 2 ;

At 20w
4, Solution of the system of dual equations, If the auxiliary func-
tions p (f) and g (¢) are introduced by using the relationships

a

8541 (8) + 84B; (8) = 12 \ p (1) sin &t dt (4.1)
@

@

8741 () -+ 8B, () = 7aa § ¢ (t)costdt

]
then by taking account of the values of the integrals [7]
oo O, t < r
S JQ(&)Singtdg:: 1 , 1‘>]'
0 Vie—r2
> Lot
S Jy (&r)cos Et dt = . .
Y - —
-

——e T
rye—rt v

it can be shown that (3,10), (3, 11) are satisfied identically, Substituting (4.1) into
(3, 8), (3. 9), and taking into account that [7]

o.o “"——"—1———v t<7'
SJO(Er)cosﬁtdgz Vie—g

0 0, t™>r
%o ~—;—, t<r
SJ;(EI‘)sin EtdE ={" yr—i

o 0, t>r

we obtain the following equah'ties

Y p(t)dt tydt
on\ = +g1nS TR =0, 0<r<a

Lafenf it s o (ewa 0] <o

(4.2)

Here

grLa
8u = ';— (88, — 8481), g12 = %‘(53‘51 — 8;3,)
1

g2 = A (57‘54 - 5963), 8og == 7:"(66‘53 — 6554), A = 850 — 8467
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Integrating (4, 2), we obtain a system of two generalized Abel integral equations, say, for
the case o, (r) = 0, = const

a r

¢ pYA | ¢ q()dt ~ L o
_ p ) 7 {t) - 4,3
gllr) _tz = - g9 9—_‘/’2_72 =U, 0<<r<a ( )

"

¢ tp(t)di ¢ ¢ ty (t) dt 2
g2ISVT_‘2Tf—2 +g22(§q(t)dt_g”’—“):50,——, 0*\<r<a (4.4)

5 Vﬂ —re 2
Applying the operator r
gr (...)dr

p Vie_r

to (4, 3) and changing the order of integration according to the Dirichlet formula,we find

{ 14 a
n gn [1 t--t 1 ¢ T -t ’

Flawar=—2 (@ =2dr + - {pmm T ar] s

0 0 t
Combining the integrals in the right side of (4, 5) and differentiating this equality with

espect to f, we obtai a

respe o1, e O 1n (t _ 2 ﬂ P (‘r)‘t’!l’[‘ 4.6
1= 0y r-—v (4.6)

0
It can be shown in an analogous manner that (4, 4) after appropriate transformations,
becomes K

2 gn (y(mdy 2 5t
p(t):—-? ggltg—-———z_rg T o (4,7
0
Setting g (-— 1) = ¢ (v) and p (— 1) = — p (1), then (4,6), (4. 7) can be written
as a system of singular integral equations with Cauchy kernels
7]
_ K= I v qlx)dr 2 3y
P(f)-"g.ngS — +—H~Et (4, 8)
—a
1 i
sty rmar
q (Z) o g1z T S T —! (4.9)
—a

Multiplying (4.8) by i / g, and adding to (4, 9), we obtain a single integral equation

a

4 fdr 2
T+ § = =

— t (4,10)
() 13 T—1
—a

_ REPRE __ g _ [ gazga\'2
JO=qO+igp@), §=12g, g - (20

g g

We note that for real-piezoceramics and elastic media, say [1]

Cor B >0, gyl g, >0, g > 1

Following [8], let us introduce the function
if
Ny ode
F) - 0m ,\ T—32
-1

for the solution of (4, 10), which is analytic in a plane with a slit along the segment
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—akz<a of the real axis, Then

F@) =F*(t) — F- () (4,11)
and (4,10) is equivalent to a Riemann boundary value problem
" _ i o

F o ( )F 0= ﬂg+1gzzt (4.12)

Let us determine the solution which remains bounded near the ends 4 a and let ustake
the canonical function in the form [8]

z — a\* _ g+1

X (z) = <z+a> , % —In o

Then the genral solution of the boundary value problem (4, 12) which satisfies the condi-
tion F (c0) = 0 is given by the formula

2 1 X() isol dt
FO) = + 7175 5 o AT (4,13)
X+(t)__e—‘:x< )

Here X™*(; is the value of X (z) on the upper edge of the slit, Evaluating the integral
in (4,13) and using (4. 11), we find

o) = 22 Z+(2mso_£"€) X (7) (4.14)

Tigez g2 g2

. 2 . Go Go
f(t) = m(l a;t '—-Z;;; 27’(0:) Xt (t)

Separating real and imaginary parts in (4, 14), we obtain

g(t) = — %gﬁ:[tsm (x In —-—_+_—t> - 2%a cos (u ln_?-:ﬂ
p(t) = %—ﬁ;’—_——[tcos (xln—m> —2uas1n<x In~ T ;)}

Using these latter relationships, we can determine all the strain, stress and electric field
components in the neighborhood of the disc-shaped crack, In particular, we obtain for the
displacement of the edges of the crack and the normal stresses on the continuation of the
slit

) ¢ pd
u,t(r, 0)—u,” (r, O):u,(r):S—lft—it)__%, 0<r<a

a
1d t) tdt
Gzz("’o)_'—gm,.drs-%ﬁ» r>a

4

Let us use condition (1, 10), which becomes in the case under consideration

a a
G d ¢ p(t)de
= 5a \ Ny (4.15)
0 r

in order to determine the magnitude of the critical load acting on the edges of a disc
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crack, Inverting the order of integration in (4, 15), we obtain
a
50 d (*
Y= \P@)Ld

(]

It can be shown that e

Sp (t) tdt — glJO 2 a® (1 4 4,}{2)
0
Then the value of the critical load applied to the crack edges is

_ V Ten
agx (1 4 4%?)
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We examine a linear escape problem in which the pursuing player’s control is
constrained in energy, while that of the escaping player, in absolute value, The
game's termination set is defined as the equality of the players' geometric coor-
dinates, We have obtained sufficient conditions for the pnssibility of evasion from
contact from any point of the phase space,not belonging to the game’s termination set,
and sufficient conditions for the existence of an open set in the phase space,from
any point of which the game can be terminated in finite time,

Suppose that in the space K™ (n > 2) the motion of the pursuing vector = and of the
escaping vector y is described by the equations



